We describe the formal equivalence between interval valued and intuitionistic fuzzy subsets. We then discuss the role of fuzzy set methods in multi-criteria decision-making. We note that when an application involves non-standard, interval valued or intuitionistic fuzzy subsets, a problem arises in choosing a best alternative. This problem is a result of the fact that the membership grades of these non-standard fuzzy subsets are not completely ordered. Here, we introduce a method for evaluating alternatives in this situation.
Introduction
Our focus here is the problem of choosing between alternatives in the situation in which the support for each alternative is expressed in terms of a degree of membership in a non-standard fuzzy subset. We focus on two important types of non-standard fuzzy sets, interval valued and intuitionistic. The fundamental difficulty encountered here arises from the fact that for these types of sets, the membership grades are not completely ordered. This requires us to use scalar surrogates for the membership grades. We make considerable use of the formal equivalence between interval valued and intuitionistic fuzzy subsets to move ideas from one framework to the other.
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Equivalence of intuitionistic and interval valued fuzzy sets
Considerable recent interest has focused on non-standard fuzzy subsets. This is particularly the case for interval valued and intuitionistic fuzzy sets (IFS) (Atanassov, 1986; Atanassov, 1999; Cornelis et al., 2003; Mitchell, 2004; Mendel et al., 2006; Uncu and Turksen, 2007; Xu and Yager, 2008) . We recall that an interval valued fuzzy subsets (IVFS) is a type 2 fuzzy sets whose membership grades are intervals. Thus, if D is an IVFS then D(x) = [L(x), U(x)] where 0 ≤ L(x) ≤ U(x) ≤ 1. For intuitionistic fuzzy sets (IFS) introduced by Atanassov (1986 Atanassov ( , 1999 , the membership grades are pairs. Thus if F is an IFS then
In this case one interpretation is that Y(x) is the degree of support for membership in F and N(x) is the degree of support against membership in F. At least at a formal level an equivalence of these two non-standard forms of representation of membership grade has been shown (Deschrijver and Kerre, 2003; Dubois et al., 2005) . In particular, if Y(x) = L(x) and N(x) = 1 -U(x) then for many purposes these two different kinds of membership grades can be seen as equivalent. That is, an element x having a membership grade (L(x), 1 -U(x)) in an IFS is the same as an element having membership grade [L(x), U(x)] in an interval valued fuzzy set. With this in mind, if D is an IVFS and F is an IFS over the same domain X such that for all x ∈ X their membership grades are related as above,
, we shall refer to D and F as peers.
For our purposes in the following, we shall it more convenient to use the terminology and perspective of interval valued fuzzy sets. However, the ideas discussed in the following are generally valid for both types of sets non-standard fuzzy sets.
A surrogate for choosing from a non-standard fuzzy subset
Since the pioneering paper by Bellman and Zadeh (1970) fuzzy set technologies have been used in many applications of multi-criteria decision making. In these applications, after aggregating the satisfactions to the individual criteria we end up with a fuzzy set D over the set of alternatives X where D(x) indicates the overall satisfaction of alternative x. We then select as our preferred alternative the one with the largest membership grade in D. In the case where the satisfactions to individual criteria are expressed in terms of a non-standard fuzzy subset such as IVFS, we generally arrive in a situation in which D is of the form of a non-standard fuzzy subset. In this case, we face an added degree of complexity in the selection process since these non-standard interval valued membership grades are not completely ordered, that is we may have situations where neither
In the following, we shall look at an approach for making a selection in this case.
Assume X = {x 1 , ..., x n } is our set of alternatives and our overall evaluation of these is expressed in terms of D, an interval valued fuzzy subset. One way of choosing between the elements in X when
and then select the one x i with the largest value for M. Here then we are using
. Since the M(x i ) are scalars, we can always order them. In Xu (2007) drawing upon the work of Chen and Tan (1994) and Hong and Choi (2000) suggested a choice method which he describes in the language of IFS. If F is an intuitionistic fuzzy set with
and then select the element with the largest value for S.
We see that in this case, the comparison between the elements is based on L(
that is the use of S(x i ) selects the element with the largest value for L(
is essentially the same. Since M(x i ) has the intuitively appealing simple interpretation as the mid-point of the interval [L(x i ), U(x i )] we shall find it more intuitive to work with.
Adjudicating ties ( )

While using 2
to compare alternatives as a surrogate for In Xu (2007) , Chen and Tan (1994) and Hong and Choi (2000) , from the perspective of IFS, an approach was suggested for addressing ties. In this approach, if more than one alternative is tied with the largest value of S, for those alternatives that are tied, we calculate
and then select the alternative with the biggest H value. Let us look at H(x) to try to understand the intuition behind this suggestion. As we have already noted since Y(x) and
Two important special cases provide the key. In the case where the membership grade is precisely known to be α then Y(x) = α and N(x) = 1 -α and here we get H(x) = 1. At the other extreme where we have no information about the membership grade, Y(x) = 0 and N(x) = 0, here H(x) = 0. Thus, the imperative behind using the term H(x) is to adjudicate ties by selecting the alternative with which we are most certain of its membership grade. This is in the spirit of using minimum variance in probability theory.
Let us now look at this use of H from the perspective of an interval valued fuzzy set D and its peer intuitionistic fuzzy set F.
---
, the length of the interval, then
Thus, selection by maximal H is the same as selection by minimal ∆ . Selecting among tied interval membership using the minimal length of the interval can be seen as selecting among the tied elements by choosing the tied alternative having the least uncertainty in its membership grade. While this appears to be a reasonable imperative it is a subjective one and merits further consideration and investigation. Before we proceed to this investigation, we make some observation about the preceding approach.
Consider two alternatives x 1 and x 2 which are tied with respect to their M value
For each of these, we have
Similarly for ∆ (x 2 ), we get
We now see that choosing between tied alternatives based upon choosing the one with the minimum value of ∆ is essentially the same as selecting from among tied values based upon the choosing the alternative with maximum minimum value. It is the kind of maxi-min selection procedure; we are choosing the element with the largest assured membership grade. Alternatively, we see that we can express L(x 1 ) = K -U(x 1 ) and hence
Now we see selection based on minimisation of ∆ is also equivalent to selecting the alternative with the smallest upper bound on its interval value, we are choosing the alternative worst best case of satisfaction. We see that this is very pessimistic imperative for adjudicating the ties. We feel that while the use of ∆ to help in the adjudication of ties is a reasonable idea, a rule based on selecting the tied alternative with the smallest value for ∆ introduces an implicit preference that should be more openly made by the responsible decision maker.
Specifically, the decision rule of selecting the alternative with the minimum value of ∆ imposes a particular decision attitude, a pessimistic one, on the decision process. We feel that the choice of decision attitude should be made by the decision maker. We now proceed to clarify our position.
Including decision attitude
The value of ∆ in addition to indicating the uncertainty associated with the membership grade can also be viewed as a reflection of the range of possibilities for the membership grade. It would appear that an optimistic decision maker would like an alternative with a large ∆ as this increase the possibilities of something good happening. On the other hand, a pessimistic decision prefers a small ∆ as he sees the larger the range of possible can only result in lower membership grade.
We shall now use fuzzy system modelling (Yager and Filev, 1994; Pedrycz and Gomide, 2007) to develop a general parameterised approach to help adjudicate between alternatives with tied M values using ∆. Here, we let V a value such that V(x i ) ∈ [0, 1] indicates how preferred alternative x i is based upon the value of ∆(x i ) and the decision attitude of the responsible decision maker. We let λ ∈ [0, 1] be a measure of the decision maker's attitude where the larger λ the more optimistic. We now introduce a fuzzy rule base defining the value of V(x i ). Here, DMDA indicates the attribute decision maker's decision attitude.
• If DMDA is optimistic and
We define optimistic as a fuzzy subset OPT on [0, 1] such that OPT( ) . We define narrow as fuzzy subset NAR on [0, 1] such that
If the decision maker's decision attitude is λ and for alternative x i we have
) then using the Takagi-Sugeno fuzzy modelling approach (Takagi and Sugeno, 1985; Nguyen and Prasad, 1999) , we get
It is easily seen that the denominator equals one and hence ( )
Here then our decision rule is to select among the tied alternatives by choosing the one with the largest value of V. We observe here that if the decision maker has an extreme pessimistic attitude, λ = 0, then V(x i ) = 1 -∆ (x i ) and hence selection based on the biggest of the V(x i ) is equivalent to selection based on the smallest of the ∆ (x i ). Thus, the method originally proposed has implicitly used a value λ = 0.
At the other extreme is the case where we have λ = 1. In this case, we get V(x i ) = ∆(x i ) and selection based on maximising V(x i ) is equivalent to selecting the alternative with the widest interval.
Thus, here we have suggested a method for adjudicating ties using the function
where the value of λ is reflection of the decision maker's decision attitude. From a pragmatic point of view there appears two ways to handle the freedom associated with the choice of λ. One approach is for the decision maker to provide a value of λ and then use this to calculate V(x i ) for those alternatives that may be tied.
A second approach is to calculate for each x i its V value for a sampling of values λ. Using this, we can provide a partitioning of the λ space, the unit interval, so that for each value of λ, we know what is the best x i . (see Figure 1 ). The decision maker rather then specifying a value λ can look at this to decide their preferred solution. Since we shall be using this V to discriminate between alternatives that are tied with their M value it is interesting to see how
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Since all the tied alternatives have the same value for the terms in the bracket, then the discrimination is being made based on the term L(x i )(1 -2λ). We see then for λ < 0.5
We now see a very simple way to adjudicate these tied alternatives. For those x i that are tied in M value list their lower bounds, L(x i ), in descending order, the biggest L(x i ) on the top. Then if λ < 0.5, we are pessimistic we select the alternative at the top of the list. If we are optimistic, λ > 0.5, then we select the alternative at the bottom of the list. If we are neutral λ = 0.5, then we can't choose. Alternatively, we can use the upper bounds. Here then for those x i that are tied in M value list their upper bounds, U(x i ), in descending order, the biggest U(x i ) on the top. If we are pessimistic, λ < 0.5, then we select the alternative at the bottom of the list. If we are optimistic, λ >0.5, then we select the alternative at the top of the list.
The important implication here is that we only need a decision maker to tell us whether they are optimistic or pessimistic, that is the actual value of λ is not needed. The simplicity of this situation, the wide granularisation with respect to sensitivity to the λ value, optimistic or pessimistic, is a result of two factors. One of these is the fact that all the alternatives have the same value for L(x i )+U(x i ). The second factor that leads to this situation was our choice of fuzzy sets defining the concepts of pessimistic and optimistic as well as wide and narrow. In the preceding, we used the simplest linear formulations for these sets. If we had expressed these concepts using more complex formulations, the resulting form for V(x i ) would be more sensitive to the actual value of λ. An example would have been to define OPT(λ) = λ 2 and PES(λ) = 1 -λ 2 .
Conclusions
We have suggested an approach to choosing alternatives in the case of non-standard fuzzy sets.
